Introduction
The Pioneer anomaly has been studied by many authors (see [1, 2, 3, 5, 4, 6] and the references in these papers) and it has a pretty strong experimental status [7] . It exhibits itself in an anomalous acceleration of the Pioneer 10 and 11 spacecrafts in the range of distances between 20AU and 50AU (∼ 10 14 cm) from the Sun. The acceleration is directed toward the Sun and has a magnitude of ∼ (8.74 ± 1.33) × 10 −8 cm/s 2 [1, 2] . In the last years there have been many attempts to explain the Pioneer anomaly by modifying the General Relativity (see, for example, [3] and the references therein). However, there is also some evidence [6] that it could not be explained within the standard General Relativity since it exhibits a non-geosesic motion. That is, it cannot be explained by just perturbing the Schwarzschild metric of the Solar system. It seems, from the analysis of the trajectories, that the spacecrafts do not move along the geodesics of any metric. Another puzzling fact is that there is no measurable anomaly in the motion of the planets themselves, which violates the equivalence principle. In other words, the heavy objects like the planets, with masses greater than ∼ 10 27 g, do not feel any anomaly while the smaller objects, like the Pioneer spacecrafts, with masses of order ∼ 10 5 g, do experience it. There are also some interesting numerical coincidences regarding the Pioneer anomaly (noticed in [15] as well). Recall that the cosmological distance, which can be defined either by the Hubble constant H or by the cosmological constant Λ, is of order It is very intriguing to speculate that the Pioneer effect is the result of some kind of interplay between the microscopic and cosmological effects at the macroscopic scales.
In this paper we investigate the motion of test particles in an extended theory of gravity, called the Matrix Gravity, proposed in a series of recent papers [8, 9, 10] . This is a modification of the standard General Relativity in which the metric tensor g µν is replaced by a Hermitian N × N matrix-valued symmetric two-tensor
where I is the identity matrix, h µν is a matrix-valued traceless symmetric tensor, i.e. tr h µν = 0 , (1.8) and κ is a deformation parameter. The dynamics of the tensor field a µν is described by a diffeomorphism invariant action, which can be constructed in two different ways. One approach, developed in [8, 9] , is to try to extend all standard concepts of differential geometry to the non-commutative setting and to construct a matrix-valued connection and a matrix-valued curvature. The second approach, developed in [10] , is based on the fact the Einstein action functional is, in fact, nothing but the second coefficient of the heat kernel asymptotic expansion for the covariant Laplacian. Therefore, a similar functional, which is automatically diffeomorphism-invariant, can be constructed by computing the same heat kernel coefficient for a more general partial differential operator of non-Laplace type (for more details, see [10] 
where U is a constant matrix (for more details, see the papers cited above). This symmetry leads to new conserved Noether currents and, as a result, to, new physical charges. These charges have purely noncommutative origin and vanish in the commutative limit. One can easily localize this global symmetry by introducing the local gauge transformations a 10) where U(x) is a nondegenerate matrix-valued function of compact support, i.e. vanishing at infinity, and a new Yang-Mills field B µ that transforms as one-form under diffeomorphisms and as a connection under the gauge transformation. All the geometric structures, including the connection coefficients, the curvature etc, become covariant under the local gauge transformations if one simply replaces the partial derivatives ∂ µ by ∂ µ + B µ . This leads to a gauged version of the above functionals (for more details see [8, 9, 10] ). This model may be viewed as a "noncommutative deformation" of Einstein gravity (coupled to a Yang-Mills model in the gauged version), which describes, in the weak deformation limit, as κ → 0, General Relativity, Yang-Mills fields (in the gauged version), and a multiplet of self-interacting massive two-tensor fields of spin 2 that interact also with gravity and the Yang-Mills fields.
The main goal of the present paper is to investigate the motion of the test particles in a simple model of matrix gravity and to apply it to the study of the Pioneer anomaly.
The outline of this work is as follows. In Sect 2. we describe, briefly, the geodesic flow in Riemannian geometry and its generalization in Finsler geometry. Then we show how Finsler geometry (more precisely, a collection of Finsler geometries) appears in Matrix Gravity and develop the kinematics in Matrix Gravity. Next, we derive the anomalous non-geodesic acceleration and evaluate it in the perturbation theory in the deformation parameter. In Sect. 3 we find a static spherically symmetric solution of the dynamical equations of Matrix Gravity in a particular case of commutative 2 × 2 matrices. In Sect. 4 we evaluate the anomalous acceleration of the Pioneer spacecrafts and in Sect 5. we fit the available data to give a numerical value to the free parameters of our model.
Kinematics in Matrix Gravity

Riemannian Geometry
Let us recall how the geodesic motion appears in General Relativity, that is, in Riemannian geometry (for more details, see [9] ). First of all, let
where ξ µ is a non-vanishing cotangent vector at the point x (recall that the signature of our metric is (− + · · · +)). Obviously, this is a homogeneous function of ξ of degree 1, that is,
This is, of course, a homogeneous polynomial of ξ µ of order 2, and, therefore, the Riemannian metric can be recovered by
Now, let us consider a Hamiltonian system with the Hamiltonian H(x, ξ)
The trajectories of this Hamiltonian system are, then, nothing but the geodesics of the metric g µν . Of course, the Hamiltonian is conserved, that is,
where E is a constant parameter.
Finsler Geometry
As it is explained in [9, 10] the Matrix Gravity is closely related to Finsler geometry [12] rather than Riemannian geometry. Finsler geometry is defined by a Finsler function F(x, ξ) which is a homogeneous function of ξ µ of degree 1 and the Hamiltonian
Such Hamiltonian is still an homogeneous function of ξ µ of degree 2, that is,
but not necessarily a polynomial in ξ µ ! Now, we define a tangent vector u by 10) and the Finsler metric
The difference with the Riemannian metric is, obviously, that the Finsler metric does depend on ξ µ , more precisely, it is a homogeneous function of ξ µ of degree 0, i.e. 12) so that it depends only on the direction of the covector ξ but not on its magnitude. This leads to a number of useful identities, in particular,
and
Now, we can solve this equation for ξ µ treating u ν as independent variables to get 15) where G µν is the inverse Finsler metric defined by 
The derivatives of the Finsler metric obviously satisfy the identities
and, more generally,
This means, in particular, that the following relations hold
It is easy to see that the metric G µν (x, u) is a homogeneous function of u of degree 0, that is,
and, therefore, H(x, ξ(x, u)) is a homogeneous function of u of degree 2. This leads to the identities
Finally, this enables one to define the Finsler interval
By treating H(x, ξ) as a Hamiltonian we obtain a system of first order ordinary differential equations
The trajectories of this Hamiltonian system naturally replace the geodesics in Riemannian geometry. Again, as in the Riemannian case, the Hamiltonian is conserved along the integral trajectories
Of course, in the particular case, when the Hamiltonian is equal to H(x, ξ) = g µν (x)ξ µ ξ ν , all the constructions derived above reduce to the standard structure of Riemannian geometry.
Matrix Gravity
The kinematics in Matrix Gravity is defined as follows. In complete analogy with the above discussion we consider the matrix
where a µν is the matrix-valued metric (1.7). This is a Hermitian matrix, so it has real eigenvalues h i (x, ξ), i = 1, 2, . . . , N. We consider a generic case when the eigenvalues are simple. We note that the eigenvalues h i (x, ξ) are homogeneous functions (but not polynomials!) of ξ of degree 2. Thus, each one of them, more precisely −h i (x, ξ), can serve as a Finsler function. In other words, we obtain N different Finsler functions, and, therefore, N different Finsler metrics. Thus, quite naturally, instead of a single Riemannian metric and a unique Riemannian geodesic flow there appears N Finsler metrics and N corresponding flows. In some sense, the noncommutativity leads to a "splitting" of a single geodesic to a system of close trajectories.
To define a unique Finsler metric we can proceed as follows. Let µ i , i = 1, . . . , N, be some dimensionless real parameters such that
so that there are (N − 1) independent parameters. Then we can define the Finsler function by
Notice that, in the commutative limit, as κ → 0 and a µν = g µν I, all eigenvalues of the matrix A(x, ξ) degenerate to the same value, h i (x, ξ) = g µν (x)ξ µ ξ ν , and, hence, the Finsler function becomes F(x, ξ) = −g µν (x)ξ µ ξ ν . In this case the Finsler flow degenerates to the usual Riemannian geodesic flow.
Next, we define the Hamiltonian
In a particular case, when all parameters µ i are equal, i.e. µ i = 1/N, the Finsler function reduces to
By using the decomposition of the matrix-valued metric a µν as in (1.7) one can see that
Thus, we conclude that in this particular case
(2.38)
Kinematics
The problem is, now, how to use these mathematical tools to describe the motion of physical massive test particles in Matrix Gravity. The motion of a particle in the gravitational field is determined by the action 
In General Relativity the action is simply the interval
where m is the mass of the particle, P 1 and P 2 are the initial and the final position of the particle in the spacetime, and |ẋ| 2 = g µν (x)ẋ µẋν . This action is, of course, reparametrization-invariant. So, as always, there is a freedom of choosing the parameter t. We can always choose the parameter to be the affine parameter such that |ẋ| 2 is constant, for example, if the parameter is the proper time t = τ, then |ẋ| 2 = −1. The Euler-Lagrange equations for this functional are, of course,
where Γ µ αβ are the standard Christoffel symbols of the metric g µν . Of course, the equivalence principle holds since these equations do not depend on the mass.
In our Matrix Gravity model we propose that instead of one mass parameter m a particle is described by N different mass parameters
in other words, that the mass "splits" as well. These mass parameters describe the "tendency" for a particle to move along the trajectory determined by the corresponding Hamiltonian h i (x, ξ).
We define the Finsler function F(x, ξ) and the Hamiltonian H(x, ξ) as described above
Then the action for a particle in the matrix gravitational field has the form
Thus, the Finsler function F(x, ξ(x,ẋ)) (with the covector ξ µ expressed in terms of the tangent vectorẋ µ ) plays the role of the Lagrangian. To study the role of non-commutative corrections, it is convenient to rewrite this action in the form that resembles the action in General Relativity.
with some "effective mass" m eff (x,ẋ) that depends on the location and on the velocity of the particle
Notice that in the conventional units there is a factor of c in the action of a particle in a gravitational field. So, this could also be interpreted as a "varying speed of light". This action is again reparametrization-invariant. Therefore, we can choose the natural arc-length parameter so that F(x, ξ(x,ẋ)) = 1. Then the equations of motion determined by the Euler-Lagrange equations have the same form
where γ µ αβ (x,ẋ) are the Finsler Christoffel coefficients defined by the equations that look identical to the usual equations but with the Finsler metric instead of the Riemannian metric, that is,
(2.50) To study the role of non-commutative corrections it is convenient to rewrite these equations in a covariant form in the Riemannian language. In the commutative limit, as κ → 0, we can expand all our constructions in power series in κ so that the non-perturbed quantities are the Riemannian ones. In particular, we have
where θ µ αβ are some tensors of order κ. Then the equations of motion can be written in the form Dẋ
where Dẋ
is the anomalous nongeodesic acceleration.
Perturbation Theory
We see that the motion of test particles in matrix Gravity is quite different from that of General Relativity. The most important difference is that particles exhibit a non-geodesic motion. In other words, there is no Riemannian metric such that particles move along the geodesics of that metric. It is this anomalous acceleration that we are going to study in this paper. We suggest that this non-geodesic motion might explain the anomalous behavior of Pioneer 10 and 11 spacecrafts briefly described in the introduction. In the commutative limit the action of a particle in Matrix Gravity reduces to the action of a particle in General Relativity with the mass m determined by the sum of all masses m i . In other words, it looks like a particle consists of N different particles with the masses m i . In the commutative limit we only observe the total mass m. An interesting question of the physical origin of the parameters µ i requires further study. Since we do not know much about the physical origin of the masses m i , we do not assume that they are positive. In this paper we consider two different cases. In the first case, that we call the nonuniform model, we assume that all mass parameters are different, and in the second case, that we call the uniform model, we discuss what happens if they are equal to each other.
Nonuniform Model: First Order in κ
So, in this section we study the generic case when the parameters µ i are different. As we already mentioned above, in this case the Finsler function F(x, ξ) is given by the trace
where h i (x, ξ) are the eigenvalues of the matrix A(x, ξ) = a µν (x)ξ µ ξ ν and
By using the decomposition of the matrix-valued metric a µν we have
where |ξ| 2 = g µν (x)ξ µ ξ ν . Therefore, the eigenvalues of the matrix A(x, ξ) are
where λ i (x, ξ) are the eigenvalues of the matrix h µν (x)ξ µ ξ ν . In the first order in κ we get the Finsler function
and the Hamiltonian
where
By using the fact that that P(x, ξ) is a homogeneous function of ξ of order 2, we find the Finsler metric 61) and its inverse
Here the indices are raised and lowered with the Riemannian metric, and
Since P(x, ξ) is a homogeneous function of ξ of order 2 we have
Note that since tr h µν = 0 the matrix h µν ξ µ ξ ν is traceless, which implies that the sum of its eigenvalues is equal to zero. Thus, in the uniform case, when all mass parameters µ i are the same, the function P(x, ξ) vanishes. In this case the effects of non-commutativity are of the second order in κ; we study this case in the next section.
We also note that
Thus, our Lagrangian is
Finally, we compute the Christoffel symbols to obtain
and the covariant derivatives are defined with the Riemannian metric. Thus, the anomalous acceleration is
69)
Uniform Model: Second Order in κ
So, in this section we will simply assume that all mass parameters are equal, that is,
In this case the Finsler function F(x, ξ) is given by the trace
By using the decomposition of the matrix-valued metric and the fact that tr h µν = 0 we get the Finsler function
By using the above, we compute the Finsler metric
and its inverse
Thus, the anomalous acceleration is
Notice that with our choice of the parameter t we have F(x, ξ(x, ξ)) = 1, and, therefore, in the equations of motion we can substitute with the same accuracy
Therefore, we obtain finally
Noncommutative Einstein Equations
The dynamics of the tensor field a µν is described by the action functional of Matrix Gravity. As was outlined in the Introduction, there is no unique way to construct such an action functional: there are at least two approaches, one [9] based on a non-commutative generalization of Riemannian geometry and another one [10] based on the spectral asymptotics of a non-Laplace type partial differential operator. The non-commutative Einstein equations for the action functional proposed in [9] were found in our recent work [11] . In the present work we are using this approach. We should mention that in the perturbation theory the difference between these two approaches consists in just some numerical parameters of the action; the general structure of the terms is the same. In the following we will give a very brief overview of the general formalism, more details can be found in [9, 11] .
We define the matrix-valued tensor b µν by
the matrix-valued connection coefficients A µ αβ by 2) and the matrix-valued Riemann curvature tensor
Next, we define a matrix-valued density
This enables us to define the action of Matrix Gravity as follows
where G is the Newtonian gravitational constant and Λ is the cosmological constant. Of course, in the commutative limit all these constructions become the standard geometric background of General Relativity. The tensors a µν and b µν become the contravariant and covariant Riemannian metrics, the coefficients A α µν become the Christoffel symbols, the tensor R α βµν becomes the standard Riemann tensor and the action of Matrix Gravity becomes the Einstein action functional. In the presence of matter one should add to this functional the action of the matter fields and particles. The non-commutative Einstein equations were obtained in [11] . These equations, in full generality, are a complicated system of non-linear secondorder partial differential equations. Their study is just beginning. Of course, it would be extremely interesting to obtain some simple exact solutions.
In the present paper we study the effects of these equations in the simplest possible case restricting ourselves to a commutative algebra. The commutativity assumption enormously simplifies the dynamical equations. In this case they look exactly as the Einstein equations in the vacuum
where R µν is the matrix-valued Ricci tensor defined by
Static Spherically Symmetric Solutions
We study, now, the static spherically symmetric solution of the equation (3.6). We present the matrix-valued metric a µν by writing the "matrix-valued interval"
where the coefficients A(r) and B(r) are commuting matrices that depend only on the radial coordinate r. This simply means that we choose the following ansatz
Next, we compute the connection coefficients A α µν , the matrix-valued Ricci tensor and the equations of motion
where the prime denotes differentiation with respect to r. By using the equations (3.10) and (3.11) we find
the general solution of this equation is
where C is an arbitrary constant matrix from our algebra. By using this relation we obtain further from eqs. (3.10) and (3.12) two compatible equations for the matrix
The general solution of the eq. (3.17) is
where C 1 is another arbitrary constant matrix from our algebra. It is not difficult to see that this form of the matrix A also satisfies the eq. (3.16). The matrix B is now obtained from the equation (3.15)
We require that at the spatial infinity as r → ∞ the matrices A and B and, therefore, the matrix C as well, are non-degenerate. Then we can rewrite our solution in the form
where E = C −1 C 1 is an arbitrary matrix.
2 × 2 Matrices
To be specific, we restrict ourselves further to real symmetric 2 × 2 matrices generated by
In this case the constant matrices C and E can be expressed in terms of four real parameters
Here the parameters α and θ are dimensionless and the parameters µ and L have the dimension of length. Then the matrix A(r) has the form
Next, by using a useful relation
we obtain the matrix B(r)
The parameters α, θ, µ and L should be determined by the boundary conditions at spatial infinity. The question of boundary conditions is a subtle point since we do not know the physical nature of the additional degrees of freedom. We will simply require that the diagonal part of the metric (3.8) is asymptotically De Sitter and the next term in the asymptotic expansion of the function ϕ(r) in the inverse powers of r is determined by the mass M of the central body.
More precisely, we define two new parameters
and require that, for r g << r << r 0 ,
In fact, this is the definition of the mass M. This gives two constrains α = −1 , and
The parameters θ and L remain undetermined. Thus, we obtain Λr 3 − r − r − 1 3
Of course, when both parameters L and θ vanish we get the standard Schwarzschild solution with the cosmological constant: Recall that the standard Schwarzschild coordinate singularity, which determines the position of the event horizon, is located at r = r g . The presence of singularities depends on the values of the parameters. We analyze, now, the first eq. in (3.42 ). In the case Λ ≤ 0 the polynomial has one root if r − > 0 and does not have any roots if r − < 0. In the case Λ > 0 it is easy to see that: i) if r − > (2/3)r 0 , then there are no roots, ii) if 0 < r − < (2/3)r 0 , then the polynomial has two roots, and ii) if r − < 0, then the polynomial has one root. The same applies to the second eq. in (3.42).
We emphasize that there are two cases without any singularities at any finite value of r. This happens if either: a) Λ ≤ 0 and r ± < 0, or b) Λ > 0 and r ± > (2/3)r 0 . This can certainly happen for large values of |θ| and |L|. In particular, if θ and L have the same signs and
then both r ± are negative, r ± < 0, and if θ and L have opposite signs and
then r ± > (2/3)r 0 . This is a very interesting phenomenon which is entirely new and due to the additional degrees of freedom.
The Pioneer Anomaly
Kinematics in Schwarzschild Geometry
The motion of particles in static spherically symmetric (Schwarzschild) metric
is very well studied in General Relativity, see, for example [13] . It is worth recalling that here t is the coordinate time. In the previous sections we used t to denote an affine parameter of the trajectory that we agreed to choose to be the proper time. In the present section we use τ to denote the proper time and t to denote the coordinate time. We label the coordinates as
3)
The equations of motion have the following integrals [13] 
4)
5)
where m, L, and E are the mass of the particle, its orbital momentum and the energy. We assumed here that the particle moves in the equatorial plane θ = π/2 away from the center, that is, dr/dτ > 0. In the non-relativistic limit for weak gravitational fields, assuming
with E ′ << m, r g << r << r 0 , andṙ, rθ, rφ << 1, one can identify the coordinate time with the proper time, so thatẋ 10) and the radial velocity reduces, of course, to the standard Newtonian expressioṅ
Anomalous Acceleration
We assume the following empirical value of the cosmological constant are negligibly small and can be omitted. Now we can apply the results of the previous sections to study the motion of the Pioneer spacecrafts. It is certainly non-relativistic. All we have to do, then, is to evaluate the components of the anomalous acceleration (2.82). As we will see the only essential component of the anomalous acceleration is the radial one A r anom . All other components of the anomalous acceleration are negligible in this limit. As we will see below, the anomalous acceleration is caused by the radial gradient of the component h 00 of the matrix-valued metric, which has the form
where ϕ(r) and Ψ(r) are given by (3.33) and (3.34). Since our analysis is restricted to the perturbation theory in the deformation parameter κ (first order in κ in the non-uniform model and second order in κ in the uniform model), strictly speaking, the parameters θ and ρ should be rescaled by κ, that is, we should replace θ → κθ and ρ → κρ. That is, we should expand our result in powers of ρ and θ and keep only linear terms in the non-uniform model and quadratic terms in the uniform model.
Uniform Model
In the non-relativistic limit the formula for the anomalous radial acceleration (2.82) gives (in the usual units) 
Non-uniform Model
Similarly, in the non-uniform model we obtain
where q 00 is the component of the tensor q µν defined by (2.63). In the 2 × 2 matrix case considered above the eigenvalues of the matrix h µν ξ µ ξ ν are 
. 
Estimation of Free Parameters
We have two free parameters, θ and ρ, which should be chosen to best fit the observational data of the Pioneer anomaly. 
Nonuniform Model
In the non-uniform model we have an additional parameter γ. The function (4.28) has an extremum at r * = 3ρr It is interesting to notice that, in this case, ρ has the same order of magnitude of the Compton wavelength of the proton, that is, ρ = θ m p c . Moreover, by using (5.10), we confirm the coincidence (1.4) mentioned in the introduction. This is very intriguing; it allows one to speculate that the anomalous acceleration is a result of an interplay between the microscopic and macroscopic worlds, in other words, the Pioneer anomaly could be a quantum effect.
Conclusions
In this paper we described the kinematics of test particles in the framework of a newly developed theory called Matrix Gravity. As already mentioned in the previous sections, Matrix Gravity is related to Finsler geometry rather than Riemannian geometry. This new feature of our theory leads to the interesting and completely new phenomenon of the splitting of the geodesics to a system of close trajectories. More precisely, instead of one Riemannian metric we have different Finsler metrics and different mass parameters which describe the tendency to follow a particular trajectory determined by a particular Finsler metric.
The interesting result is that test particles in our theory exhibit a non-geodesic motion which can be interpreted in terms of an anomalous acceleration. This new feature led us to apply these results for studying the anomalous acceleration of the Pioneer spacecrafts.
By using a commutative algebra we found a static spherically symmetric solution of the modified Einstein equations. In this case a completely new feature appears due to the presence of the additional degrees of freedom. The coordinate singularities of our model depend of the additional parameters θ and L. Interestingly there is a range of values for our free parameters in which no singularity occurs. This is one of the most intriguing differences between our model and the General Relativity.
We evaluated the anomalous acceleration of the Pioneer spacecrafts and compared our results with the observational data. We believe that our models describe the Pioneer anomaly quite well.
We considered two models of matter: a uniform one, in which a particle is described by a single mass parameter, and a non-uniform one, in which a particle is described by multiple mass parameters. The choice of one model over the other is dictated by physical reasons. The interesting question of whether the matter is described by only one mass parameter or more than one mass parameters requires further study. If the Pioneer anomaly is a new physical phenomenon we have to accept the fact that the principle of equivalence does not hold. If this is the case, a model with different mass parameters (violating the equivalence principle) would be more appropriate to describe the motion of test particles in the Solar system. The next step of our analysis of the phenomenological consequences of Matrix Gravity is to apply the kinematic model developed in the previous sections to the study of galactic rotations. It would be very interesting to understand if the flat rotation curves of galaxies can be explained without the concept of dark matter. We plan to investigate this question in a future work.
